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Abstract

The inefficiency of selfish routing is classically measured
against a centrally optimal flow, implicitly treating full cen-
tralization as the ideal. This view is incomplete once the in-
centives of both drivers and routing platforms are taken into
account: recommendations must be individually rational for
the underlying users, and in realistic markets traffic is con-
trolled not by a single platform but by several competing
planners (navigation providers, fleet operators, mobility ser-
vices), each routing a fraction of the flow.

We study repeated weighted atomic splittable routing games
in which planners act as mediators for their assigned users,
and ask when their strategies can simultaneously guarantee
individual rationality, resilience to competition, convergence
to a socially optimal flow, and a mild admissibility condition
ruling out self-harming recommendations. Our main results
characterize when these desiderata are achievable, and yield
a sharp dichotomy: the desiderata can be met whenever every
planner controls a sufficiently small share of the traffic, and
cannot be met when some planner’s share is too large; in
particular, a single central planner always fails. This shows
that neither full anarchy nor full centralization achieves robust
optimal outcomes under natural incentive constraints. Instead,
a nontrivial level of competition among several planners is
not merely compatible with optimal routing, but necessary to
sustain it.

1 Introduction

The rapid growth of algorithmic routing services is reshaping
the way we think about traffic management and network opti-
mization. Traditional traffic flow models assume that drivers
act selfishly, selecting routes that minimize their own travel
time without regard for the impact on others. This decentral-
ized behavior can lead to highly inefficient outcomes, partic-
ularly in congested networks. Increasingly, however, routing
decisions are not made directly by individual drivers: they are
delegated to autonomous planners such as navigation plat-
forms, fleet operators, and mobility providers that compute
routes on users’ behalf. This delegation creates a new kind of
coordination potential since, in principle, planners can incor-
porate network-wide information, anticipate congestion ef-
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fects, and recommend traffic assignments that improve over-
all performance. This raises a fundamental question at the
intersection of computer science, game theory, and trans-
portation systems: can autonomous planners be leveraged
to eliminate the inefficiencies of selfish routing, and what
assumptions are actually needed for such improvements to
persist?

At first glance, the existence of a powerful planner with
access to global traffic data seems to offer a straightforward
solution: compute a socially optimal flow that minimizes to-
tal travel time and route everyone accordingly. However, this
view overlooks two key challenges inherent in real-world
planner-mediated routing. First, routing recommendations
must be individually rational for the underlying users: when
a suggested route is noticeably worse for a user than available
alternatives, compliance cannot be taken for granted, regard-
less of how sophisticated the planner is. Second, traffic is
rarely controlled by a single entity. Multiple autonomous
planners (e.g., competing navigation providers or fleet oper-
ators) simultaneously route different populations, each op-
timizing its own objective and reacting strategically to the
others. The resulting planner competition can reshape incen-
tives and outcomes in ways that are not captured by either
classical selfish-routing models or idealized full centraliza-
tion.

For instance, consider a canonical Pigou network (Pigou
1920) as follows.

Here, traffic flows from point A to point B. The top path
has a constant travel cost of 1, while the bottom path’s cost
is the fraction of total traffic using it. It is straightforward
to verify that the socially optimal flow splits traffic evenly
between the two paths. However, this allocation is not stable
under individual incentives: drivers assigned to the top path
would prefer to (manually) switch to the bottom path, where
their individual travel time would be lower.

Now suppose that there are four independent planners,



each responsible for routing an equal portion of the total
traffic. If each planner adheres to the socially optimal strat-
egy (i.e., splitting traffic equally), the resulting flow remains
globally optimal. Nevertheless, when each planner aims to
minimize the total travel time for their own share of traf-
fic, their best response becomes routing all of it through the
bottom path, assuming the others maintain a balanced split.
These examples highlight the limitations of simply enforcing
optimal flow patterns without accounting for the underlying
incentives of the agents involved. If these are considered, the
flow proposed by the planners should satisfy the following
two conditions:

(1) Individual rationality: Following the proposed flow
must be a best-response for the routed agents at all stages
of the game.

(2) Resilience to competition: The flow proposed by the
planners must be optimal for their fraction of the traffic,
given the flow proposed by the remaining planners.

Unfortunately, (1) and (2) are generally incompatible in
isolation. In the Pigou network above, individual agents have
a strict incentive to deviate from any assignment that places
them on the top edge, and with multiple planners, each plan-
ner similarly benefits from unilaterally shifting additional
mass to the bottom edge. The core issue is that, in a single
period, there is no credible way to discipline such deviations:
neither agents nor planners can be punished tomorrow for de-
fecting today. By contrast, when routing decisions recur over
time (e.g., trips from A to B each day), the repeated-game
structure creates leverage. An analogue of the folk theorem
allows compliance to be supported by strategies that con-
dition on past behavior, using future routing decisions as a
credible threat. In fact, the folk theorem provides strategies
that satisfy (1) and (2) in addition to the following guarantee.

(3) Optimality: The strategy profile must always converge to
an optimum flow.

Indeed, in the canonical Pigou network, planners could
try to deter deviations by congesting the bottom path: after
observing a defection, they route all of their traffic through
the bottom edge for several consecutive days, making defec-
tions unprofitable in the future. While this can support a Nash
equilibrium, it relies on empty threats: once a deviation has
occurred, carrying out the punishment is not in any planner’s
interest, since deliberately collapsing the bottom path also
increases their own travel time. As established in the founda-
tional literature on repeated games (most notably (Fudenberg
and Maskin 1986)), credibility can be restored by requiring
higher-order punishments. That is, planners must punish not
only defections, but also failures to punish, so that if a planner
refrains from punishing today, it triggers punishment tomor-
row. While this refinement yields a subgame perfect Nash
equilibrium, it does so through optimal penal codes (Abreu
1988) that rely on a fragile and counterintuitive threat cas-
cade. Planners carry out inefficient punishments not because
punishing is individually beneficial, but to avoid being pun-
ished themselves for refusing to punish others. The effect is
particularly stark with two planners: planner A is supposed
to punish planner B for defecting, lest B punish A for failing
to punish B.

This leaves us between two unsatisfactory extremes. If we
weaken the solution concept to plain Nash equilibrium, we
reintroduce exactly the empty threats we set out to avoid:
non-credible punishments that no planner would carry out.
If we retain subgame perfection but place no discipline on
what planners may propose, we are forced into the higher-
order penal codes above, with their fragile threat cascade. We
therefore take a middle path, keeping credibility but restrict-
ing punishments to their simplest natural form, in which a
planner disciplines deviations by becoming more selfish it-
self rather than by taking actions that harm everyone, itself
included. This is the same logic that sustains cooperation in
the repeated Prisoner’s Dilemma, where defection is met with
defection and carrying out the punishment is never against
the punisher’s own interest. What must be excluded, then, is
any recommendation a planner would never rationally make:
one strictly worse both for its own users and for the system
than an available alternative. This motivates the following
requirement.

(4) Admissibility: At each stage, a planner never proposes a
flow that is strictly dominated, both in its own cost and in
social cost, by another flow available to it!.

The four desiderata are demanding, and it is not obvious
that any strategy profile satisfies them. Our first result is that
a fully centralized system never does: on any network whose
price of stability exceeds one, a single planner controlling all
traffic cannot satisfy individual rationality together with ei-
ther resilience to competition or admissibility. Notably, with
a single planner these two requirements coincide: the plan-
ner must propose a socially optimal flow at each time step,
regardless of the game’s history. The failure itself is then
immediate. When the price of stability exceeds one, no opti-
mal flow is a Wardrop equilibrium, so some route is always
strictly cheaper than what its users are asked to take, and
those users are better off ignoring the recommendation.

Perhaps surprisingly, competition repairs precisely what
centralization cannot. We show that on every single-
commodity network, provided each planner’s share is suffi-
ciently small, all four desiderata can be met simultaneously.
The strategies play a socially optimal flow on the equilib-
rium path and react to deviations with a temporary reversion
to planner-optimal behavior, so that a deviator’s short-run
gain is outweighed by its discounted long-run loss. What
makes these punishments admissible, and what a monopolist
structurally lacks, is that they are carried out by other plan-
ners, for whom routing more selfishly is not a sacrifice but
simply their own interest. The message is conceptual as much
as technical: a nontrivial level of decentralized competition
among autonomous planners is not merely compatible with
efficiency, but necessary to sustain it.

We summarize our contributions as follows.

* We introduce a model of repeated weighted atomic split-
table routing games with multiple competing planners,

!Although stated for every stage, admissibility has bite only
during punishment: the cooperative flow is socially optimal and
therefore undominated, so on the equilibrium path the condition
holds automatically.



each controlling a fraction of the flow and mediating on
behalf of its users. Within this framework, we formalize
four desiderata for planner strategies: individual rational-
ity, resilience to competition, convergence to an optimal
flow, and admissibility.

* We characterize when these desiderata can be met on
a given instance, reducing an infinite-horizon question
about strategy profiles to a static one about one-shot flows.
At a high level, they are achievable when there exists
an admissible strategy profile whose cheapest path costs
strictly more than the average cost of the optimal flow,
and they are not achievable when all admissible strategy
profiles have a path strictly cheaper than the average cost
of the optimal flow?.

* We prove an impossibility result: for every single-
commodity network with price of stability strictly greater
than one, if some planner controls a sufficiently large
share of the traffic, then no strategy profile satisfies indi-
vidual rationality and admissibility simultaneously. As a
special case, a fully centralized (single-planner) system
cannot satisfy all four desiderata.

We establish a matching existence theorem: for any such
network, if each planner controls a sufficiently small share
of the total flow, then there exist strategy profiles satisfy-
ing all four desiderata simultaneously. The construction
uses equilibrium behavior as a discipline device in the
repeated game, implemented via karma-based strategies.

e We then turn to deciding this condition on a given in-
stance, where a natural shortcut suggests itself: inspect
only the planner equilibrium, in which every planner is
fully selfish, on the intuition that selfish planners crowd
onto the cheapest paths and drive up their cost. We show
that the shortcut fails even for single-commodity networks
with convex costs.

On parallel networks with convex costs, however, the con-
jecture holds. This means that, in this case, our reduction
to one-shot flows is polynomial, and the characterization
is polynomial end-to-end whenever finding the planner
equilibrium is polynomial as well (e.g., (affine costs, uni-
form shares) (Cominetti, Correa, and Stier-Moses 2009)
or small number of planners (Bhaskar and Lolakapuri
2018)).

e Using the results above, we give tight bounds on the
amount of competition required for the canonical Pigou
network: we characterize the exact thresholds on planner
sizes and show that at least three planners are necessary
to satisfy the desiderata.

Our main results rely on minimal public monitoring: after
each round, planners observe only the realized congestion on
each edge, and our constructions never need to identify which
users deviated or to observe other planners’ recommenda-
tions. Under such coarse monitoring, however, unintentional
user deviations are indistinguishable from strategic ones and

The two conditions do not quite coincide, so a small gap re-
mains between the instances we can certify and those we can rule
out.

may repeatedly re-trigger punishment. Section H of the Sup-
plementary Material therefore develops, under stronger ob-
servability assumptions, a “ticket” mechanism that preserves
all incentives while absorbing low-rate random defections.

Related Work

Our planner model is closely related to atomic splittable
routing games, in which a finite number of players each
control a non-negligible, divisible amount of flow and may
split it across multiple routes. This framework originates
in work on competitive routing in multiuser communica-
tion networks by Orda, Rom, and Shimkin (1993), and has
since been developed in a series of papers analyzing effi-
ciency and equilibrium properties in network games with
atomic players (Cominetti, Correa, and Stier-Moses 2006).
Subsequent work has investigated existence and uniqueness
of equilibria in weighted congestion and atomic splittable
congestion games (Harks and Klimm 2012; Harks and Tim-
mermans 2018), algorithmic aspects of equilibrium compu-
tation (Bhaskar and Lolakapuri 2018), and the effect of collu-
sion among atomic players on social cost (Huang 2013). Our
setting can be viewed as an atomic splittable routing game
where each planner is an atomic player controlling a contin-
uous flow, but with two crucial differences: planners act as
mediators on behalf of underlying users rather than as final
decision-makers, and their interaction unfolds in repeated
play under additional behavioral constraints such as admissi-
bility. These distinctions lead to qualitatively different ques-
tions about when planner competition can be leveraged to
guarantee optimal outcomes.

Closest in spirit is Stackelberg routing, in which a single
coordinator controls a fixed fraction of the flow and routes
it so as to induce favorable behavior from the selfish re-
mainder(Korilis, Lazar, and Orda 1997; Roughgarden 2004;
Swamy 2012). Our planners differ in two essential ways:
their recommendations must be individually rational for the
users they route, and several planners interact strategically in
repeated play, rather than a single leader committing once.
The limiting behavior of atomic equilibria as players’ shares
vanish, which underlies our small-share analysis, goes back
to Haurie and Marcotte (1985).

A central theme in mechanism design is the role of me-
diators in improving strategic outcomes. In fact, the inef-
ficiency of selfish behavior in routing games is classically
captured by the concept of the Price of Anarchy, introduced
by Koutsoupias and Papadimitriou (1999), and further ex-
plored by Roughgarden and Tardos (2002) in the context
of selfish vs. centrally optimized routing. Aside from selfish
routing, mediators can be beneficial in various ways: through
signaling (Arieli, Geffner, and Tennenholtz 2023a,b; Corrao
and Dai 2023), messaging (Ben-Porath 2003; Gerardi 2004;
Abraham et al. 2019; Geffner and Halpern 2024) promising
payments (Monderer and Tennenholtz 2003; Jackson and
Wilkie 2005; Geffner, Oesterheld, and Conitzer 2025), ex-
panding the available strategy sets (Geffner and Tennenholtz
2024), or enabling commitment to strategies (Tennenholtz
2004; Kovarik, Oesterheld, and Conitzer 2023). However,
in our setting, introducing a single central mediator is not
sufficient to achieve optimal outcomes; rather, competition



between multiple mediators (i.e., planners) is essential. The
idea of competition between mediators has been studied
in other domains, such as auctions (Feldman et al. 2010;
Leyton-Brown, Shoham, and Tennenholtz 2002; Ashlagi,
Monderer, and Tennenholtz 2011; Monderer and Tennen-
holtz 2004) and facility location problems (Babaioff, Feld-
man, and Tennenholtz 2016).

One might expect that repeated interactions would trivial-
ize coordination via the folk theorem, making efficient equi-
libria easy to sustain. However, this intuition can sometimes
be misleading (Berker and Conitzer 2024; Borgs et al. 2008).
Repeated games are also closely tied to learning dynamics,
and notions such as learning equilibria have yielded positive
results in certain congestion games (Tennenholtz and Zohar
2009).

A second line of work concerns collective deviations.
Since our planners act on behalf of subsets of users, their
strategic choices can be read as group deviations, a perspec-
tive developed in the literature on strong equilibria in con-
gestion games (Holzman and Law-Yone 2003; Holzman and
Monderer 2015), which asks when no coalition can jointly
deviate profitably, and in congestion games with partitioned
agents, where deviation capabilities are structured around
fixed groups (Feldman and Tennenholtz 2009; Kuniavsky and
Smorodinsky 2014). What distinguishes our setting from all
of the above is that planners are mediators rather than players
in their own right: they only recommend routes, and the users
they route retain the option to ignore them.

2 Model

While user-level deviations are inherently discrete, we model
traffic as a continuous (divisible) flow. This choice is both
standard in the routing literature and technically convenient
for our purposes. Besides being a natural approximation
when demand is large, it allows planners to split their demand
across paths with arbitrary precision, which makes the strate-
gies and incentive arguments transparent and avoids inessen-
tial artifacts of discretization (e.g., indivisibilities when a
single vehicle tips a threshold). Accordingly, we represent
demand as a unit mass that can be divided continuously
among available routes, and we let both planners and users
control positive-measure portions of this flow. Formal defi-
nitions appear next.

Single-Commodity Flow Networks A single-commodity
flow network G is a tuple (V, E, s, ¢, ¢) where

* (V, E) is a directed multigraph (V is the set of nodes and
FE is the set of edges.)

¢ s is the source node and t is the sink node.

* ¢: E x[0,1] = R>¢ is a cost function such that c(e, x)
describes the cost (or latency) of going through edge e
given the amount of flow that traverses it. For each edge e,
the restriction ¢, () of ¢ to e must be C* (i.e., continuously
differentiable) and non-decreasing.

Given a single-commodity flow network G =
(V,E,s,t,c), let P := {P1,P,,...,Py} denote the set
of all paths from source s to sink ¢. A flow is a function
f P —[0,1] such that ), f(P) = 1. If we view the

network as a system of one-way roads, a flow describes how
traffic is split among the several paths from the source to
the sink. Denote by P, the set of all paths containing edge
e. Given a flow f, we also denote f. := > pcp f(P). In-
tuitively, f. denotes the amount of traffic that goes through
some edge e € E. With these definitions, we can define the
cost of traversing a path P € P as cp(f) := >, cp Ce(fe)s
the total flow cost as c(f) := > pcp f(P) - cp(f), and the
cheapest path cost as cimin (f) := minpep cp(f)

If f is a flow on a single-commodity flow network G =
(V,E, s,t,c), we say that f is a Wardrop equilibrium if no
subset of the flow can decrease their cost by switching to a
different path. Since the cost functions are continuous, we
have that f is a Wardrop equilibrium if and only if, for all
paths P such that f(P) > 0, cp/(f) > cp(f) for all paths
P’.In particular, in a Wardrop equilibrium, all paths used by
f must have the same cost.

Two relevant concepts associated with flow networks are
the price of anarchy (PoA) and the price of stability (PoS).
The price of anarchy is defined as the ratio between the (so-
cial) cost of the worst Wardrop equilibrium and the cost of
an optimal solution. The price of stability is defined anal-
ogously, except that we take the cost of the best Wardrop
equilibrium instead. Since Wardrop equilibria are defined at
the level of the aggregate (non-atomic) flow and the edge
costs are continuous and non-decreasing, all Wardrop equi-
libria of G induce the same edge costs, and hence the same
social cost (Roughgarden and Tardos 2002); the two notions
therefore coincide here. In particular, PoA(G) > 1 holds if
and only if no optimal flow of GG is a Wardrop equilibrium,
which is the form in which we use the hypothesis throughout.

Routing Games with Multiple Planners A weighted
atomic splittable routing game (WASRG) is a tuple
(G,C,a) where G = (V, E, s,t,c) is a single-commodity
flow network, C' = {1,..., N} is the set of planners, and
a = (aq,...,ay)isapartition of unity where «; represents
the fraction of flow (traffic) assigned to planner .

Given a WASRG (G, C, ), we can identify the strategy
of each planner i € C with a point (z%,2%,...,2%,) on the
(M —1)-dimensional standard simplex (i.e., each coordinate
must be non-negative and they must all add up to 1), in
which :p; denotes the portion of ¢’s traffic that ¢ assigns to
P;. Given a deterministic strategy profile @ = (71,...,#V),
the (average) cost ¢*(&') of planner i can be expressed as
Zjle % - cp,(f), where f is the flow induced by &. If the
strategy includes randomization, the cost is calculated by
taking the expected value of the previous expression.

We say that a strategy profile ¢ is a Nash equilibrium
if no planner can decrease its own cost by switching to a
different strategy. Equivalently, & is a Nash equilibrium if
(&) < ci(G_;,0!) for all strategies o for planner i. To
distinguish this notion from Nash equilibria in other settings,
we also use the term planner equilibrium.

From a computational point of view, we treat both so-
cially optimal flows and planner equilibria as primitives, but
in general they are hard to compute. For atomic conges-
tion games with general latency functions, minimizing the



social cost is NP-hard to approximate within a constant fac-
tor (Paccagnan and Gairing 2021), and computing planner
equilibria in atomic splittable congestion games is PPAD-
complete even with player-specific affine costs (Klimm and
Warode 2020). For atomic splittable routing games with gen-
eral convex costs, Bhaskar and Lolakapuri (Bhaskar and Lo-
lakapuri 2018) give polynomial-time algorithms only in re-
stricted cases (e.g., parallel links with a small number of
planners or edges) and show hardness results for general
networks. On the positive side, in many classical single-
commodity routing models the system-optimal flow can be
computed efficiently: when the edge cost functions are non-
decreasing and the functions = — « - ¢.(x) are convex, the
optimal flow is the solution of a convex program and can be
found in polynomial time, up to arbitrary precision (Swamy
2012).

A repeated weighted atomic splittable routing game
(RWASRG) is defined exactly in the same way as a stan-
dard WASRG, except that the game is played repeatedly in
discrete stages. Here, planners must decide not only how
much flow they are sending through each path on each stage,
but also which section of the flow they are sending. As a
consequence, the strategy space of each planner becomes
considerably more convoluted than in the one-shot game (al-
though, for most of our results, we will focus on the much
simpler karma-based strategies described below). The strat-
egy of each planner ¢ depends on its local history, which is
the sequence of all the decisions made by ¢, and the flow
distribution in all previous stages of the game. We model
this as follows: the flow of each planner is modeled by [0, 1).
Planners assign measurable portions of flow to paths, and a
defection is a positive-measure subset of a planner’s users fol-
lowing an alternative assignment. Stage and discounted costs
are defined in the natural way, with formal definitions in the
supplementary material (Section A). For future reference,
given a discount factor ), a strategy profile &, and a planner
i, we denote by (&) the total discounted cost of planner
1 when playing ¢ with discount factor A\, and we denote by
C()‘LT) (&) the total discounted cost of a subset 7' C [0, 1)

of 4’s flow. If h is a global history, we denote by c¢*(& | h)
the total discounted cost conditioned on reaching history h;
i (@ | h),c} (@ | h), C?LT) (@ | h), and CE\i,T) (G | h) are
defined analogously.

Desiderata

The notation and definitions presented in the previous sec-
tions allow us to rigorously define the properties (1)-(4)
shown in the introduction. Given a routing game (G, C, «x)
and a strategy profile & for the planners, these are the desired
properties that we want & to satisfy.

(1) Individual rationality: Regardless of the state (history)
of the game, for all planners ¢ and all positive-measure
subsets S of i’s assigned agents, there is no defection
D = (4,5, D) that strictly decreases the average cost of
i’s agentsin S. In other words, for all global histories i and
all defections D = (4, S, D), there exists Ag € (0, 1) such
that, for all A > )\, cf‘LS) (@|h) < c@s)((&, D) | h).

(2) Resilience to competition: For all global histories h,
all planners 4, and all strategies o, for ¢, there exists
Ao € (0,1) such that, for all A\ > X, ¢} | h) <
c,’»\((ag,Eﬂ-) | h).

(3) Optimality: Let cop(G) be the minimum total cost
of a unit flow in G. Then, for all global histories A,
limy 00 (3 | h) = copt(G).

(4) Admissibility: For all histories h, all stages &, all planners
i, and all strategies o/ for i, we have that c¥((o/,5_;) |
B) < k(& | h) = ck((01,G-0) | h) = (& | h).

Why the discount threshold depends on history. Our
incentive guarantees are necessarily history-dependent: for
each history h we require the existence of a threshold \g (k)
such that deviations are unprofitable for all A\ > A\g(h). We
do not fix a single global discount factor that works uni-
formly over all histories. The reason is structural in our set-
ting: effective discipline requires punishments whose dura-
tion may increase after successive deviations (punishment
phases “stack’). With R rounds of punishment still outstand-
ing, the extra loss from a fresh deviation arrives only after
those R rounds and is scaled by roughly A, while the gain
is immediate; since R grows without bound as punishments
stack, no fixed A < 1 works for every history.

Karma-based strategies

For future reference, some of our proofs will focus on a
special class of strategy profiles that allows us to translate
one-shot flow properties into repeated-game guarantees for
all subsets of a planner’s flow. At a high level, in a karma-
based strategy a planner always assigns the currently shortest
routes to those parts of its flow that have accumulated the
most travel time so far. One can think of this as a “karma
system”: driving longer earns more karma, and at each stage
the routes with the lowest current cost are allocated to the
drivers with the highest karma.

Since we are dealing with continuous flows, a more pre-
cise definition is required. Given a weighted atomic splittable
game I' = (G, C, ) and a deterministic strategy & for plan-
ner i € C, we define the karma-implementation of Z as
the strategy K (Z) in the repeated version of I' in which,
in stage k, the routing is assigned as follows. In the first
stage, all routes are assigned lexicographically (i.e., P; is
assigned to [0, z1), P» is assigned to [z1,z1 + x2), etc.). If
k > 1, it can be easily shown inductively that [0, 1) can be
partitioned into a finite number of intervals I; = [a1,b1),
I, = [a2,b2),..., I, = [am,bm) such that the total cost
taken by ¢’s flow in each of these intervals is constant. Sup-
pose that these intervals are sorted according to their total
cost and that paths P, . .., Py are sorted by their cost when
playing &. Then, we assign the routes following Algorithm 1.

For instance, the karma-implementation of a strategy pro-
file in the Pigou network that splits the flow evenly between
the two paths is the strategy profile in which, in stage 1, it
assigns the first half of the flow to the top path and the second
half of the flow to the bottom path; in stage 2 it assigns the
bottom path to the first half of the flow and the top path to
the second half, and so on.



Algorithm 1: Karma-based assignment

1: Initialize ¢ =1, =1
2: while / < M and j < mdo
3: if z, < b; — a; then

4: Assign route P, to interval [a;, a; + x¢)
5: aj < a; + xy

6: C—10+1

7 else

8: Assign route P to interval [a;, b;)

9: xp — x0 — (bj — aj)

10: j—j3+1

11: end if

12: end while

At a high level, the most important property of these
karma-implementations is that, on average, all users’ dis-
counted cost is roughly equal. This is captured by the follow-
ing proposition, which states that, for a sufficiently large dis-
count factor, the normalized discounted cost of all positive-
measure subset of flow gets arbitrarily close to its associated
planner’s cost.

Proposition 1. Let ¢ = (7%,...,ZV) be a deterministic

strategy profile. Then, for all planners i and all € > 0, there
exists 0 > 0 such that, forall1 — 6 < X < 1,

ci(@) = (1= N> el (K (@),6-5) - M| < e

k>0
for all positive-measure subsets T C [0, 1).

Although the result may seem intuitive by construction
(karma-based strategies try to equalize the accumulated cost
of each flow segment), the proof is quite technical and can
be found in Section B of the supplementary material.

3 Main Results

Our main results characterize when we can satisfy the
desiderata, both at a theoretical/existential level, and on a
practical level. We begin with the following characterization
as a function of sufficiently inefficient admissible strategy
profiles.

Proposition 2. Let G be a single commodity flow network
with PoA(G) > 1, let T = (G, C, ) be a (non-repeated)
WASRG, and let T be its repeated extension.

(Sufficiency:) There exists a strategy profile &' in I satis-
fying all four desiderata whenever there exists an admissible
strategy profile & in T such that its induced flow f satisfies

M Cmin(f) 2 Copt(G): and
o ANy, G-i) > copt(G) for all planners i and (selfish)
best-responses ij' of i to G—;.
Moreover, given & and the social optimum, each planner can
compute its stage-k recommendation in &' in polynomial time
from the history of the game.
(Necessity:) Suppose that there exists a strategy profile &'
in T satisfying all four desiderata. Then, for each planner 1,

there exists an admissible strategy profile & in I such that its
induced flow f satisfies

° cmin(f) > Copt(G), and
o (F) > copt(G).

Note that a subtle gap remains between sufficiency and ne-
cessity. Both directions revolve around admissible strategy
profiles @ whose induced flow f satisfies cin (f) > copt (G),
and any such profile automatically satisfies ¢*(3") > copt(G)
for every planner ¢, since each planner’s cost is an aver-
age over paths that cost at least ¢yin (). The gap concerns
strictness: sufficiency requires a single profile at which the
inequality is strict for every planner simultaneously, even
when planners best-respond, whereas necessity guarantees
strictness only one planner at a time, with a possibly dif-
ferent profile for each. At a high level, the main idea for
proving Proposition 2 is the fact that planners can punish
deviating users and planners by shifting to an inefficient ad-
missible flow: whenever a suitable such flow exists, it deters
all deviations, and conversely, when none exists, we show
that deviators can always profit by repeatedly switching to
the cheapest available paths. The full proof can be found in
the Supplementary Material (Section C).

Proposition 2 yields our main dichotomy: a small-share
regime in which competition makes all four desiderata
achievable, and a large-share regime in which individual
rationality and admissibility become incompatible.

Theorem 1. Given a single-commodity flow network G with
PoA(G) > 1, there exist Gimin, max € (0,1) such that,
for all repeated weighted atomic splittable routing games

I'=(G,C a),

(a) If oy < aumin for all i € C, there exists a strategy profile
o in T that satisfies individual rationality, resilience to
competition, optimality, and admissibility.

(b) If cv; > Qunax for some i € C, there are no strategy pro-
files that satisfy individual rationality and admissibility.

Note that Theorem 1 immediately implies that, in order to
satisfy all the desiderata, we need at least a certain number
of distinct participating planners.

Corollary 1. Given a single-commodity flow network G
with PoA(G) > 1, there exists Ny > 2 such that,
for all repeated weighted atomic splittable routing games
I' = (G, C,a) with |C| < Nin, there are no strategy pro-
files that satisfy individual rationality and admissibility.

Theorem 1 follows from two limiting arguments. When
every share is small, planner equilibria approach a Wardrop
equilibrium; since PoA(G) > 1, its common path cost
strictly exceeds copt(G), so nearby planner equilibria sat-
isfy the sufficiency condition of Proposition 2. When some
share approaches one, admissibility forces play toward so-
cially optimal flows, which contain a path strictly cheaper
than ¢y (G) and therefore fail the necessity condition. The
proof is quite technical and can be found in the Supplemen-
tary Material (Section D).

Although Proposition 2 is useful for existence theorems
like the one above, it may not seem as useful on a practi-
cal level. Indeed, in order to determine if the desiderata can
be satisfied in a given instance, it requires us to search over
all admissible strategy profiles. We may conjecture that, if



there is any admissible strategy profile that satisfies the suffi-
ciency or necessity conditions of Proposition 2, it must be the
planner equilibrium. After all, it would seem that the more
selfish the planners are, the more flow they will concentrate
through the cheapest paths, and the more likely that the suf-
ficiency conditions are satisfied (note that, additionally, all
planners would already be best-responding). Unfortunately,
this conjecture is not true in general, as shown in the Supple-
mentary Material (Section E). There, we provide an instance
where a non-planner equilibrium satisfies both conditions of
Proposition 2 but the planner equilibrium fails. However, the
conjecture is true for a large class of networks: parallel net-
works with convex costs. It follows from the following result,
shown in the Supplementary Material (Section F).

Proposition 3. Consider a WASRG T' = (G, C, o) where
G is a parallel network, |C| > 2, and all cost functions
are convex. Let f be the flow induced by planner equilibrium
(#,...,ZN), and let f' be the flow induced by an admissible
strategy profile (i, ..., 7" ). Then, cmin(f) > cmin(f’)-

Proposition 3 implies that, in parallel networks with con-
vex costs, we can restrict our search of admissible pro-
files satisfying the sufficiency and necessity conditions of
Proposition 2 to simply checking the planner equilibrium.
Note that, if a planner equilibrium induces a flow f with
emin(f) > copt(G), the second sufficiency condition of
Proposition 2 is automatically satisfied since every planner
is already best-responding. This implies the following.

Theorem 2. Let I' = (G, C, «) be a RWASRG where G is
a parallel network with convex costs, and let f be the flow
induced by the (unique (Orda, Rom, and Shimkin 1993))
planner equilibrium of the associated one-shot game. If
Cmin(f) # Copt(G), then a strategy profile satisfying all
four desiderata exists if and only if cmin(f) > Copt(G).
Moreover, given [ and an optimal flow, this condition can be
checked with O(|E|) evaluations of the edge cost functions,
and whenever it holds, each planner’s stage-k recommenda-
tion can be computed in polynomial time from the history of
the game.

Corollary 2. The test of Theorem 2 runs end to end in poly-
nomial time whenever the planner equilibrium and an op-
timal flow are polynomial-time computable. This holds in
particular (i) for affine costs, where both are solutions of
convex quadratic programs (Cominetti, Correa, and Stier-
Moses 2009); (ii) for uniform shares o; = 1/N, where
the planner equilibrium minimizes the convex potential
S [(1=%) [§© ce(t) dt+ 5 fece(fe)] (Cominetti, Correa,
and Stier-Moses 2009); and (iii) when the number of plan-
ners or edges is bounded (Bhaskar and Lolakapuri 2018).

Remark 1: For non-affine convex costs the equilibrium
may be irrational (Bhaskar and Lolakapuri 2018), so in cases
(ii) and (iii) the flow is computed to any desired accuracy ¢;
the test is then correct whenever the gap |cmin (f) — Cops (G)|
exceeds the resulting error bound, which the hypothesis
Cmin(f) # copt(G) guarantees for any fixed instance. For
affine costs all comparisons are exact.

Remark 2: Theorem 2 leaves open the case when
cmin(f) = Copt(G), which corresponds to the open gap of

Proposition 2. In this case, we know that, if & is the plan-
ner equilibrium and ¢*(&) > c,pt(G) for all planners i, then
the desiderata can be satisfied (and efficiently constructed).
However, if a planner i satisfies that /(&) = copt(G), the
necessity clause may still be satisfied, since there could po-
tentially exist other admissible strategy profiles ¢ inducing
a flow f/ with copmin(f/) = copt(G) and (&) > copt(G).
Closing the gap, both in Proposition 2 and in Theorem 2, is
an open problem.

The last of our results uses the results above to compute
tight bounds for aupin, max and Ny, in the canonical Pigou
network (where the cost function in the bottom path is the
identity function). These bounds are illustrated by the fol-
lowing Proposition, proved in the Supplementary Material
(Section G).

Proposition 4. Let G be the classical Pigou network. Then,
the following holds.

. : -3
(i) The supremum of all cuin that satisfy Theorem I is 3.

(ii) The infimum of all cumax that satisfy Theorem 1 is %
(iii) The maximum of all Ny, that satisfy Corollary 1 is 3.

4 Discussion

We introduced repeated weighted atomic splittable routing
games, in which competing planners mediate route choices
on behalf of their users, and identified four desiderata for
planner strategies: individual rationality, resilience to com-
petition, convergence to optimality, and admissibility. Our
results yield a sharp dichotomy on any network whose price
of anarchy exceeds one: the desiderata are jointly achievable
whenever every planner’s share of the traffic is sufficiently
small, and individual rationality and admissibility become
incompatible whenever some share is too large (in partic-
ular, under full centralization). Crucially, the punishments
that sustain cooperation are carried out by competitors for
whom routing more selfishly is in their own interest, so cred-
ibility requires no counterintuitive threat cascades. In this
precise sense, competition among planners is not an obstacle
to optimal routing but the resource that sustains it.

Several directions remain open. Closing the strictness gap
between the sufficient and necessary conditions of Propo-
sition 2 is one. Another is extending our polynomial-time
test beyond parallel networks: for affine costs, equilibrium
computation is not the bottleneck (planner equilibria are
solutions of convex quadratic programs (Cominetti, Cor-
rea, and Stier-Moses 2009)), so the question is whether the
planner equilibrium still maximizes the cheapest-path cost
over admissible profiles; our counterexample for the general
case uses nonlinear costs and leaves this open. Finally, our
karma-based strategies suggest a welfare agenda beyond to-
tal travel time: treating priority as a non-monetary currency
with equal initial endowments would let users with heteroge-
neous, time-varying urgency trade priority across days, with-
out the equity concerns of willingness-to-pay-based conges-
tion pricing. Developing urgency-aware welfare benchmarks
and principled karma mechanisms is a promising avenue for
future work.
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A Formal Model

Following the notation introduced in Section 2, we can rep-
resent the route recommendations made by planner 7 at stage
k as a measurable function® g; 5 : [0,1) — P. Intuitively,
[0, 1) represents i’s share of the total traffic, and g; ., denotes
the path that 7 assigns to each of the (infinitesimal) cars. We
can represent car defections as tuples (¢, S, D), where i is
a given planner, S is a subset of [0,1) and D is a function
that takes as input their local history (i.e., the sequence of all
flows and recommendations from planner ¢ in earlier stages)
and outputs a function d : S — P. At a high level, we can
view (7,5, D) as a deviation performed by the subset S of
cars assigned to planner ¢ in which, given all the information
available, they decide to take the paths according to function
d instead of the paths recommended by the planner.

Given a deterministic strategy profile & = (o1,...,0n),
denote by f* the total flow that traverses edge e at stage k.
If there are no defections, its actual value can be computed
by aggregating the amount of flow that each planner ¢ sends
through e, scaling it with the portion of the traffic managed
by planner ¢. This can be expressed as

=Y e (i),

where p(S) represents the Lebesgue measure of S C
[0, 1]. If there is a defection D = (i, S, D), the expression
above looks the same, except that the contribution of plan-
gfkl (Po)N E) U d;l(Pe)) instead,
where d, : § — P encodes the defection of agents in .S
at stage k. The total cost of the flow at stage k is given
by *(7) = Y eer(G) fE . co(fF). In a similar fashion,
when there are no defections, the average cost c’(“i T)(E) of

a positive-measure subset 1" of flow assigned to planner ¢ is
given by

1
i) = (T ee%(:(}) B (91 L (P )) cee(fD),

where pr(A) = u(ANT). If there is a defection D =
(i, S, D), the average cost becomes

ﬁ > wr (kPN S) U

ecE(G)

ner ¢’s traffic is a; - i1 ((

di ' (Pe)) - celfE).

Note that, if T = 15, the expression above is equal to
ﬁ Yeena) Mdy (Pe)) - ce(f).

We also denote average cost of planner i by c¥(&). This
can be computed by setting 7" = [0, 1) in c’(“z. 7)(7), resulting
ZEEE(G) o (gl k:( )> Ce(fe ) If there is a

defection D, c¥(&, D) is computed analogously.
Given a discount factor A € (0, 1), the total cost of the

flow is given by
5) = Mk (d).
k>0

in c(7) =

3Note that the definition is also valid if the domain is [0, 1]
instead of [0, 1). However, some definitions are simpler this way.

The total cost ¢;'(G) of planner i and ) ;(&) of a subset

T of i’s agents are defined analogously. Even though all
these values have been defined for pure strategies, we simply
take their expectation when considering mixed strategies*.
In some scenarios we also want to analyze the expected costs
after a concrete sequence of decisions made by planners and
cars. If / is the global history at that point (i.e., the sequence
of flows and recommendations by planners), we denote by

A& | h) the total cost condltloned on reachmg history h.

All other values c¥(¢ | h),c} (& | h),cF i (@ | h), and

cf‘i ) (& | h) are defined analogously.

B Proof of Proposition 1
Throughout, fix a planner i and write 6 := (K (7%),5_;)
for the profile in which ¢ plays the karma-implementation
of 7' and every other planner plays its (stage-independent)
strategy from &

We first record that the karma-implementation does not
change the flow. By construction, K (Z%) only reassigns
which of 4’s users are routed along which path: at every
stage k the measure of ¢’s flow on each path P; is z7, ex-
actly as under Z*. Since the remaining planners play the same
strategies as in & at every stage, the induced aggregate flow
at every stage k is the flow f induced by &. In particular the
edge costs c.(f.), and hence the path costs cp, (f), are the
same at every stage and

[01 Zx ep(f) = (7

The proof of Proposmon 1 relies on the following key
fact: using a karma-based strategy, the difference between
the accumulated (undiscounted) cost of two users from the
same planner is uniformly bounded.

for all kK > 0.

Lemma 1. Fix planner i. Let A¥(u) be the cost of user u
of planner i at stage k when players play &. Let S¥(u) :=
Z];:o Af(u), and let crnax 1= max;cp,(f) and cpin =
min; cp, (f) denote the largest and smallest path costs under
f. Then, we have that

‘Szk(u) - Szk(v)} S Cmax — Cmin
forallu,v € [0,1).

Proof. We show this by induction on k. By induction hy-
pothesis, the absolute difference between the accumulated
cost of two users u and v is less or equal than ¢ ax — Ciin-
We also have, by construction, that users with the most accu-
mulated cost are given the fastest paths. In particular, if the
accumulated cost of w is larger than the accumulated cost of
v, then v is guaranteed to get a route at least as fast as v. This
means that S¥(u) — S¥(v) and A*™(u) — A¥1(v) have
opposite signs, which implies that

|SEH (u) — 7 (v)]
< max (|SF(u) — SF(v)

S Cmax — Cmin-

|| AT () = AT (0)])

“Note that only planners can randomize. We assume that traffic
defections are pure without loss of generality.
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Let T C [0,1) be any positive-measure subset of [0, 1)
and let A := Cpax — Cmin- Averaging Sf over 1" and using
Lemma 1, we get that

1 / k k
w(T) Jr [0,1)

Writing ¢;(5) = (1 — A\) Y50 A" - ¢i(F), we get that
Proposition 1 is equivalent to showing that

lim (1-3)Y (ci(ﬁ) — ek ((3)) A = 0.

A—1—
k>0

< A ey

By Equation 1, we have that
k

> (@)~ iy (@)

£=0

< A.

Therefore, Proposition 1 follows from the fact that
oo (ci(é') - c’(g.’T)(&)) ¥ is uniformly bounded, which
is a consequence of the following result.

Lemma 2. Let {ay, }ren, be a sequence of real numbers such
that there exists a constant C' such that, for all k,

Then,

Zak/\k <C

k>0
Jorall0 < A < 1.

Proof. Let Ry, := Zf:o a;. By Abel’s lemma, we have that

D ap = (1-0) Rk,

k>0 k>0
Therefore,
S apX < (1-0)) RN < C
k>0 k>0

C Proof of Proposition 2

Consider the perspective of a potential deviator, which can
be both a planner or a set of vehicles deviating on their
own. After deviating, the deviator(s) gain some utility in that
round, which we call the one-shot gain. Upon detection,
all planners (other than a possible deviating planner) switch
to the punishment strategy for R rounds, during which the
deviator can at best play their best response against the pun-
ishment. The deviator therefore trades the one-shot gain for
R rounds of suboptimal play. They will choose not to deviate
provided that the one-shot gain is lower than R times the dif-
ference between the cost of the best-response to punishment

and cost of the optimal flow. The value of R in our strategy
is the minimum integer satisfying this inequality. We will
end up developing several inequalities of this type, each for
a different type of deviator. We prove sufficiency first, then
necessity.

For the sufficiency direction, the cooperative phase has
every planner route its own share in the same proportions as
the optimal aggregate flow fope, that is, :I:; = fopt(P;) for
every planner i and path P;, and play the karma-based assign-
ment of this strategy. The induced aggregate flow is fop¢ and
¢ (Fopt) = Copt(G) for every planner i. By Proposition 1, the
normalized discounted cost of every positive-measure sub-
set of a planner’s flow gets arbitrarily close to that planner’s
cost as A — 1, hence arbitrarily close to copt (G). Note that
Proposition 1 still applies when every planner switches to its
karma-based assignment simultaneously: a planner’s karma-
implementation only permutes which of its users are routed
along which path, leaving its path-flow vector, and there-
fore the aggregate flow at every stage, unchanged. Since
all the comparisons we make below are strict (the second
hypothesis of the proposition is a strict inequality, as is
emin(f) > copt (G) whenever it holds), these approxima-
tions are immaterial, and for all our purposes we may assume
that the cost of each user on the cooperative path is exactly
Copt (G ) .

Write ¢ for the admissible strategy profile of the hypothesis
and f for its induced flow, and let * denote the selfish best
response of planner ¢ against &_; (and therefore, against its
karma implementation).

Sufficiency: case cyin(f) > copt (G). Write K (Fop) and
K (&) for the profiles in which every planner plays the karma-
based assignment of its component of &,p¢ and o respec-
tively. The strategy starts with all planners playing K (Gopt).
If a deviation is detected, the planners switch to K (&) for
R + 1 rounds, where R is the smallest integer such that

R : (Cmin(f) - Copt (G)) > Cmax(fopt) - Cmin(fopt) (2)

and

R-(c(7",G-1) = copt(G)) > Copt(G) =€ (Top (Eopt)é)
)

for every planner ¢, where yfmt denotes the selfish best re-
sponse of planner ¢ against (0'opt)—; (and, therefore, also
against its karma implementation). Both right-hand sides are
finite and both left-hand coefficients are strictly positive, by
hypothesis, so such an R exists. Punishment phases stack:
every further deviation adds another R + 1 rounds.

Equation (2) ensures individual rationality and Equa-
tion (3) ensures resilience to competition. We check the four
desiderata in turn.

Optimality. After the last deviation only finitely many
rounds are non-optimal, so ¢* — copt (G) from every history.

Admissibility. Planners only ever play &y, or &. The for-
mer induces a socially optimal flow, so no alternative can
be strictly better in social cost; the latter is admissible by
hypothesis.

Individual rationality. A deviating subset of users gains
at most Cmax(fopt) — Cmin(fopt) in the round in which it
deviates. During the R + 1 punishment rounds that follow,



even the cheapest available path costs cyin (f) > copt(G), 80
the subset loses at least cmin (f) — copt (G) per round relative
to complying. By Equation (2) the loss exceeds the gain,
so for A close enough to 1 the deviation is unprofitable. The
same holds for a deviation during a punishment phase, which
merely adds R + 1 further rounds at a cheapest path costing
more than copt (G).

Resilience to competition. A planner deviating from
K (Gopt) gains at most Copt (G) — ¢ (721, (Topt)—i) in that
round, and pays at least ¢ (7', 7—;) — copt(G) in each of the
R+ 1 punishment rounds, since " is its best response against
&_;. Equation (3) and the same discounting argument make
the deviation unprofitable.

Sufficiency: case cyin (f) = copt (G). We first record two
consequences of the hypothesis. Call a path cheapest if its
cost under f equals cop (G).

First, no planner routes all of its flow onto cheapest
paths: such a planner would have cost exactly copt(G) at &,
and hence best-response cost at most copt (G), contradicting
Cl(yﬁv &—L) > Copt(G)-

Second, no cheapest path has constant cost. Suppose P
had cp(f) = copt(G) with cp constant. Then any planner
using a path of cost above copt(G) could shift flow onto
P, strictly lowering both its own cost and the social cost,
contradicting admissibility of &; hence every planner uses
only cheapest paths and has cost copt(G), contradicting the
previous paragraph.

For each planner i, let ¢ ; be the fraction of its flow that
@ places on cheapest paths and +* the per-round cost of the
remainder, so that ¢'(¢) = 7% + 2% copt(G). By the first
observation, z! ;< 1, and since ¢'(¢) > ¢'(§',0—;) >
Copt (G), we have v* + 27 ;. copt (G) > Copt (G).

The strategy is as in the strict case; only the choice of R is
refined. When a deviation is detected, let f’ be the realized
flow, which places strictly more flow on some cheapest path
than f does. Let R be the smallest integer satisfying

R : (Cp(fl) - Copt(G)) > cmax(fopt) - Cmin(fopt) (4)
for every P with cp(f’') > cp(f),

R- (Ci(g'i” 0_"71) — copt(G>) > Copt<G) — ci (?jlolpt’ (EOpt)Eg))
for every planner 7, and

R- (’Vi + winincopt (G) — COPt(G))
> (Cmax(fopt) - cmin(fopt))+ ©6)
(Cmax(f) - Cmin(f))

for every planner .

All three left-hand coeflicients are strictly positive: the
first because a deviation onto a cheapest path strictly raises
its cost, by the second observation above; the second by
hypothesis; the third by the display above.

Optimality and admissibility hold exactly as in the strict
case.

Individual rationality. A deviating subset gains at most
Cmax (fopt) — Cmin(fopt) in the round in which it devi-
ates. If it complies thereafter, the planner pays at least
(Cmax(fopt) - Cmin(fopt)) + (Cmax(f) - Cmin(f)) additional

cost distributed among the following rounds, for a sufficiently
large discount factor A. Since the planner follows a karma-
based implementation, by Lemma 1, each subset of its users
pays at least ¢iax (fopt) — Cmin (fopt ) additional cost, making
the deviation unprofitable. If instead it keeps deviating onto
a cheapest path, that path’s cost rises above copt(G), and
Equation (4) makes this unprofitable as well for a sufficiently
large ). Since these are the only two options available to the
subset, individual rationality holds.

Resilience to competition. As in the strict case: a planner’s
one-shot gain is outweighed by R rounds at c'(/%,&_;) >
Copt (G), by Equation (5). This concludes the sufficiency part
of the proof.

Before we go with the proof for the necessity condition,
we introduce the following lemma.

Lemma 3. The set A of admissible strategy profiles of T is
nonempty and compact, and c,iy attains a maximum on it.

Proof. A is nonempty: any profile inducing a socially opti-
mal flow is admissible, since no alternative can strictly lower
the social cost, so the consequent of the admissibility impli-
cation holds trivially.

Ais closed. Its complement is open: if & is not admissible,
some planner i and strategy 7 satisfy ¢*(7%,5_;) < c¢*(&)
and ¢(7%,3_;) < ¢(&). Both ¢ and c are continuous in the
profile, and both inequalities are strict, so they persist for
all profiles in a neighbourhood of &, every one of which is
therefore inadmissible.

Since A is a closed subset of the product of the planners’
simplices, it is compact. Finally c.,;, is continuous in the
profile, as a minimum of finitely many continuous path costs
composed with the (linear) map from profiles to induced
flows, so it attains a maximum on A. O]

With Lemma 3 we can continue with the proof. Write A for
the set of admissible strategy profiles of I" and, by Lemma 3,
let

M = maxcuin(f7),
TeA

where f, denotes the flow induced by 7. Throughout we
treat deterministic planner strategies; the probabilistic case
is identical with all quantities replaced by their expectations.
We first show M > cop (G), which gives the first condition,
and then produce, for each planner ¢, a profile satisfying both.

First condition. We prove the contrapositive: if M <
Copt (G), no strategy profile of I' satisfies the four desiderata.

Since the edge costs are continuous and the space of flows
is compact, we may fix a positive integer R large enough
that adding % units of flow to any single path raises its cost
by less than copy(G) — M. Suppose for contradiction that
¢’ satisfies all four desiderata. By admissibility, the profile
7 played at every stage k of every history lies in A, so its
induced flow f* satisfies coin (f%) < M.

Partition each planner’s users into R pieces S; =

[%, %) Fix a planner ¢ and an index j and consider the
defection D] = (i, S, D}) that routes S; onto the cheap-
est available path at every stage. At each stage this piece

adds at most % units to that path, so it pays less than



cmin(fF) + (Copt (G) — M) < copt(G). Individual ratio-
nality forces the defection to be unprofitable for A near 1,
o)
s (0) < is, (D)) < DN cope(G)
k>0
forall 4, j. Since the S; partition [0, 1) into pieces of measure
%, we have cf = % Zj c’(“i S;)° and hence

1
M) = o = D s (@) < DN copi( @)
i j k>0
But copt(G) is the minimum social cost of a unit flow,
so (&) > copt(G) at every stage and M) >
> is0 Aeopt (G), a contradiction. Hence M > copt(G),
and any maximizer 7* satisfies the first condition.

Second condition, case M > cop(G). Let 7 attain M.
For every planner i, the cost ¢'(7*) = Y a%cp, (f--) is a
convex combination of the costs of the paths 7 uses, each of
which is at least cpin(fr«) = M. Hence ¢'(7*) > M >
Copt (G) for every ¢, and 7* witnesses both conditions simul-
taneously for all planners.

Second condition, case M/ = ¢, (G). Fix a planner ¢ and
suppose for contradiction that every 7 € A with cpin (f7) >
Copt (G) has ¢'(7) < copt(G). By the convex-combination
bound above, any such 7 has ¢(7) > cmin(fr) = Copt(G),
$0 in fact ¢*(7) = copt(G) and planner ¢ uses only paths of
cost exactly copt(G) at 7.

Every admissible profile has cpin < M = copi(G), s0
a sufficiently small piece routed onto the cheapest available
path pays at most copt (G) +17 in every round, where 7 can be
made arbitrarily small by shrinking the piece. By optimality
the cooperative flow is fop¢, and since PoA(G) > 1 it is
not a Wardrop equilibrium, so some path P has cp(fopt) =
Copt (G) — 260 with 6 > 0; fix the piece small enough that
n < 0.

First, ¢! (Gopt) < Copt(G). Otherwise planner i uses a path
of cost at least copy (G) in cooperative rounds; a small piece
of that flow routed onto the cheapest available path at every
stage pays at most cop(G) — € in cooperative rounds and
at most copy (G) + 1 in all others, while under ¢ it pays at
least cop (G) in cooperative rounds and, by the assumption
on planner ¢, exactly copt(G) in any round whose profile
has cmin = Copt(G). For A near 1 the defection is strictly
profitable, contradicting individual rationality.

Since the planners’ costs at f,, are an a-weighted average
equal to copt (G), some planner j has ¢/ (Gopt) = Copt (G)+6
with § > 0, and therefore uses a path @ with cg(fopt) >
Copt (G) + 0. Take a piece S of j’s flow on (), small enough
that 7 < 4, and route it onto the cheapest available path at
every stage. It pays less than ¢, (G) 40 in every round, while
on the equilibrium path its users pay cg (fopt) > Copt (G)+6
in every cooperative round. For A near 1 this defection is
strictly profitable, again contradicting individual rationality.
Hence no such planner ¢ exists.

D Proof of Theorem 1

At a high level, the proof of Theorem 1 goes as follows. For
part (a), we show that if o; approaches O for all 7, then some of

the planner equilibria approach to the Wardrop equilibria of
the system. In particular, for a sufficiently small av,y,;,,, We can
always select a planner equilibrium such that the flow cost for
every path is strictly larger than the optimal expected utility.
This way, the planner equilibrium can be used as punishment
in the same way as in the Pigou case. For part (b), we show
that if «; approaches 1 for some ¢, then all of ¢’s strategies
in strategy profiles that satisfy the desiderata approach to an
optimal flow. Since the price of stability is strictly greater
than 1, no optimal flow is a Wardrop equilibrium. Therefore,
for a sufficiently large a4z, there is always a path with
strictly lower cost than the expected cost of an optimal flow.
Thus, for sufficiently small fractions of the total flow, it is
always beneficial to defect and take these lower cost routes
instead.

To prove this result in its full generality in the case of
single-commodity flow networks we need the following ad-
ditional notation. Given a single-commodity flow network
G, we denote by fggt the set of (socially) optimal flows on
G. Moreover, given a flow f in G, we define

PI{lil’l = argminpp{cp(f)} .
Pfflax = argmaXpep | f(P)>0{CP(f)}

Intuitively, P is the path used by f that maximizes the

total cost from source to sink, while Py, is the path that
minimizes it (not necessarily used by f). With this, we can

define
Cmin(f) = ¢ps (f)
Cmax(f) =Cpf o (f)

We also define Ac(f) := cmax(f) — cmin(f) and copt (G)
as the total cost of any optimal flow of G. Using this no-
tation, a full proof for the single-commodity network case
is given next. The generalization to multiple commodities is
straightforward.

Part (a)

Proposition 2 shows that we can reduce part (a) to showing
that there exists a sufficiently small value o, such that, if
a; < amip for all i € C, there exists a planner equilibrium
for the one-shot version of I' in which the resulting flow f
satisfies cmin(f) > copt(G).

Suppose that such ay,;, does not exist. This means
that there exists a sequence of strictly positive real values
ali ol o with lim oo o, = 0 such that, for all i,
there exists N; € N and a partition o' = (ad, ..., a’;) with
o < aly, forall j € [Ny], such that every flow f; induced
by a deterministic planner equilibrium in (G, [N;], a*) sat-
isfies cmin(fi) < Copt(G) -

Let &1,09,... be any deterministic planner equilibria
of (G,[N1],al), (G, [Ns],a?),...), respectively, and let
f1, f2, ... be their induced flows. Since the space of possible
flows in G is compact, the Bolzano-Weierstrass theorem im-
plies that there is a sequence of indices i1 < i3 < ... such
that the subsequence of flows f;,, fi,, ... converges to some
flow f. The remainder of the proof consists of proving the
following proposition.

Proposition 5.
Ac(f) =0.



Note that Proposition 5 implies that f is a Wardrop equi-
librium of G. By construction, f also satisfies ¢y (f) <
Copt (G). The combination of these properties would imply
that f is simultaneously a Wardrop equilibrium and an opti-
mal flow, which contradicts the assumption that the price of
stability of G is strictly greater than 1.

Proof of Proposition 5. Since the cost functions are contin-
uous and the space of possible flows is compact, the Heine-
Cantor theorem implies that, for all € > 0 there exists 6 > 0
such that, for all paths P € P and pairs of flows f” and f”,

1f" = 1"l <6 = lep(f) —ep(f)] <

where || f' — f"||1 := > pep |f/(P)— f"(P)|. In particular,
there exists 6o > 0 such that, for all paths P € P and pairs
of flows f" and f”,

Ac(f)

1f" = Il < 0o = |ep(f) —cp(f)] < 1

Moreover, for each m > 0, there exists d,, > 0 such that, for
all paths P € P and pairs of flows f’ and f”,

17 = 1l < 6 = lep() = en(/)] <

Since f;, converges to f, for each m > 0 there exists an
integer 7, such that, if n > n,,, then both ||f — f; |1 <
min{dg, d1,...,0,} and o7 < min{dy,d1,...,0m}
Consider an n strictly larger than n,,, and let k& be any of
the planners in [IV;, ]. Suppose that & moves all its flow go-
ing through P7,  to Pr{ﬁn' Then, since the total flow moved
cannot exceed o' (which is smaller than ¢,,), the total cost
increase in P/ . is at most % We compute next the addi-
tional cost for the portion of £’s flow that does the transition.
Since || f — fi, |l1 < do, we have that

cps (fin) >cpr (f) = Ac(f)

a 4
Ac
cpr (i) <epr (f)+ 292

and, since O‘fﬁin < g, we also have that the total cost increase

in Pr{ﬁn after the transition cannot exceed ACT(f). Therefore,

the additional cost for the portion of k’s flow originally in
P/ is bounded by

(eng, 0+ 524 2 < (e - 292,

which is at most %C(f). Altogether, if x}} is k’s fraction of
the traffic in f;, that goes through P/, we have that the
total cost difference for k£ when performing this transition is

bounded by
1 o Ac(f)

o
4
Since &;, is a planner equilibrium, % should not be able to

decrease its total cost with this operation. Therefore, we have

that L — 27 - 2cf) > 0, which is equivalent to

4
4
mAdf)

IN

y,

This argument implies that, if n > n,,, the total fraction
of each planner’s flow that is assigned to path P/ _ is at

most #C(f), which means that f; (Pf, ) < maap and

therefore that, in the limit, f(PZ..) = 0. This contradicts
the fact that P/ must be used by f.

max

X

O

Part (b)

Again, Proposition 2 implies that part (b) reduces to show
that there exists amax < 1 such that, for all routing games
I' = (G, C, ) such that @7 > Qmax, in all strategy profiles
& that satisfy admissibility, there exists a path P such that the
expected cost of P after playing & is strictly less than cqpy.

Suppose that such oy, does not exist. This means
that there exists a sequence al. .a2. ... with
lim; o0 @, = 1 in which, for all 4, there exists N; > 0
and a partition o’ with o} > o, such that, for all strategy
profiles &; for (G, [N,], c;) that satisfy admissibility, the ex-
pected cost of each path after playing &; is at least as large
as Copt-

Let &1,d5,... be a sequence of strategy profiles for
(G, [N1], 1), (G, [N2], ae2), . . ., respectively, such that the
expected cost of each path after playing &; is at least as large
as Copt. Then, we have the following proposition, whose proof
is a direct implication of Prokhorov’s theorem (Prokhorov
1956).

Proposition 6. There exists a sequence of indices i1, 42, . . .
such that the strategy profiles G;,,5;,, . .. converge to some
strategy profile & in the weak topology. In particular, the
expected cost of each path P after playing &;, converges to
the expected cost of P after playing &.

Let & be the sequence obtained in Proposition 6. Because
of the convergence of expectations, we have that
. — . 1/= s
nh_)ngo c(d;,) = nh_)n;oc (65,) = (7).
Therefore, ¢(&) must be equal to c,pt. Otherwise, near the
limit, both the total cost and planner 1’s cost decrease if
planner 1 switches to an optimal flow, contradicting the fact
that all strategy profiles in the sequence satisfy admissibility.
This means that ¢ is an optimal flow in which all paths of
G cost at least copg. This would imply that, after playing &,
all paths in G cost exactly copt, which further implies that
@ is both an optimal flow and a Wardrop equilibrium. This
contradicts the assumption that the price of stability of G is
strictly greater than 1.

E Planner Equilibrium Fails to Maximize
Cheapest Path

We will construct a WASRG instance which satisfies the
property that the planner equilibrium does not maximize the
cost of the cheapest path. The counterexample will use a
Braess network topology (Roughgarden 2007). The underly-
ing single-commodity flow network we play on is given by
fig. 1. The WASRG we play has n = 6 planners with uniform

1 1
weights, that is o = (6’ cee 6)' The three paths through



the network are given by

P:s—>a—>t, Pb:s—b—t, P3:s—a—b—t

For this instance, the cost of the socially optimal flow is
Copt = 1.41337.

b

Figure 1: A single commodity flow network based on Braess
network. This network has four nodes, {s,a,b,t} where s
and ¢ are the source and sink nodes respectively. The total
flow to be routed through the network is F' = 1.

Due to all cost functions being convex in this example, we
can find all admissible strategy profiles by using weighted
sum optimization (Ehrgott 2005). We assign each planner ¢
a value 0° and an objective function #'c’ + (1 — 6%)c, where
¢ is their own cost and c is the cost over all users. This
allows us to easily find and verify that the resulting profiles
are admissible.

We sweep a subset of the admissible strategy profiles
where we fix the selfishness of every planner to be uniform.
That is, " = @ for all planners 3. The costs of paths P; and
Ps5 across this sweep are plotted in fig. 2. Path P», which is
more expensive than P; and P at all 0, is left out since the
gap between the cost of P; at & = 1 would not be visible if
P> was included.

— Cp, (sma-t)

=
>
N

1 — cp, (s—2a—-b-t)
-~ Copt=1.4134

path cost
= = = =
»~ S ~ £
w » v o

I
S
N

1.41

1.00 0.95 0.90 0.85 0.80 0.75 0.70
6 (uniform across all players)

Figure 2: The path costs of two paths in an WASRG played
on Braess network. Shown are the costs of paths P, and Ps
versus the selfishness of all planners. The dotted line shows
the cost of the optimal flow of the network. Path P, was left
out and the range of # was limited to [0.70,1.00] to ensure
the difference between c,p,, and the cost of cp, is visible at
6 = 1.00.

fig. 2 shows that the planner equilibrium does not attain the
largest cyin across the sweep. Instead an admissible strategy
profile attains it at @ = 0.916. Let f? represent the aggregate
flow to the equilibrium achieved at the value . Numerically,
we can then verify that:

Cmin(fO'916) = 1.42613
> Copt — 141337
> Cmin(fl) 141192,

so the cheapest path at the planner equilibrium drops below
Copt» While at the equilibrium at 6 = 0.916 it stays above this
value. The planner equilibrium therefore fails the condition
Cmin = Copt Of Proposition 2, whereas the equilibrium at
6 = 0.916 satisfies it.

Checking the second sufficiency condition of Proposi-
tion 2, we see that the best selfish response against f0-916
is given by

= ( Py Py P3>
~\0.94418 0.05581 0 /-
After this deviation, the deviating planner pays a cost of
(f7 x*) = 1.45543, above copy = 1.41337 by 0.042.
The equilibrium at § = 0.916 therefore meets both suffi-
ciency conditions of Proposition 2: it is an admissible strat-
egy profile with cpmin > copt, and every planner’s selfish best
response costs strictly more than c,p¢. By that proposition a
strategy satisfying all four desiderata exists for this instance.

F Proof of Proposition 3

The main tool we will use to prove the result are marginal
costs.

Definition 1. The individual marginal cost of a player i on
a path P is given by

Lp(f 7 a') =cp(f) +ai Y ald(f). (D

ecP



The social marginal cost on a path P is given by

Ip(f) =cp(f)+ > fecl(fe)- (8)

ecP

These marginal costs take on the role of path costs for
the planners and for the social cost respectively. Where in
a regular Wardrop equilibrium the players seek to equalize
the path costs, in a planner equilibrium the agents seek to
equalize their individual marginal costs. This result comes
from an application of the Karush-Kuhn-Tucker conditions
to the minimization problem a single planner solves (Nocedal
and Wright 2006)

1,2

Lemma 4. A flow distribution (z',2%,...,2") is a Nash
equilibrium for a WASRG if and only if, for every planner i,
every path P with x> > 0, and every other path P,

Ip(f ") S U (f 7 a).

By considering the perspective of a imaginary planner
which controls all flow, we can extend the above result to
also apply to the socially optimal flow.

Corollary 3. An aggregate flow f is optimal if and only if,
for every path P with f(P) > 0 and every other path P,

Ip(f) <1p(f)

As mentioned, individual marginal costs take the place of
path costs for the planners. However, marginal costs and path
costs do differ in some ways. Path costs have the property that
inequalities between path costs immediately tells us which
deviations are profitable and profitable deviations tells us
which paths are more expensive and which are cheaper. This
only partially translates to marginal costs. The following
result describes the relation between inequalities of marginal
costs and profitable deviations.

Lemma 5. Let (z', ..., 2N) be any feasible flow. Then, for
any two paths P, P and for any planner i with x’ > 0 we
have that: _ o ‘ o

(= ) (" 2") < Ip(f7" "), then there exists
o € (0,2%)] such that shifting eq flow from P to P strictly
decreases planner i’s cost.

( <) Assume in addition that every edge e € P U P has
a convex cost function. Then, if there is a profitable deviation
from P to P, then U's(f~*,x') < Ip(f~", ")

Proof of Lemma 5. Let planner i play the strategy & and fix
the other planners to any strategy with resulting background
flow f~%. Any deviation can be captured by a vector of values
e € RIPI where each path gains or loses e p € [—7%, 1 —i%]
units of flow. Specifically, we focus on the deviation € =
eep — cep. After this deviation, the contribution of an edge
e to the objective function of planner ¢ is given by

He(e) = (ZL+e)ce(fo '+ (3L +¢). (9

Since each edge cost function is convex and non-
decreasing, the function (9) is convex in the region ¢ €

[~#%,1 — &%]. The change in player i’s total cost after de-
viating € flow from P to P is given by

Aci(e) Yeep\p(He(—€) = He(0)) 10)
+ Zeeﬁ\p(He(E) _HE(O))a

where we use the fact that shared edges e € P N P do not
change in flow. A unilaterally profitable deviation is exactly
an gy € (0,2%] with Ac’(eg) < 0. Differentiating H, with
regards to € at € = 0 gives

H{(0) = o ce(fe) + (i) ?wg o (fe) = aile (7", 2"),
(1D
Taking the derivative of (10) and filling in (11) gives us
OAC
Oe

:ai(l;g(f_i,xi) —Up(f%2")). (12)

e e=0
we have that Ac?(0) = 0. So by first-order Taylor expansion
there exists an € > 0 such that Ac’(e) < 0.

( <= ) We have that there is a value g9 > 0 such that
Ac'(gg) < 0. The function Ac' is convex on [0, %] as itis a
sum of convex functions. For a convex differentiable function
g and points u, v in its domain, the tangent line inequality
states

( =) The hypothesis gives

< 0 and per (10)

g' (W) (v —u) < g(v) - g(u). (13)
We can apply this on the points 0 and &g to find that

OAC < Aci(gg)
de — &

< 0. (14)

The equations (12) and (14) combine to give the desired
result of I% (f ™", 2*) < Up(f~", a).
O

We now have sufficient background knowledge on
marginal costs to start working towards the main proof. First
we start by stating several supporting results on admissible
strategy profiles and how marginal costs are ordered in those
equilibria. Then, we will examine how planners distribute
flow in the planner equilibrium. After that we will seek to
proof Proposition 3.

The first supporting result captures the idea that a cheap
path must have a high social cost. We prove that if a path
has a lower cost than another path which has positive flow,
then the former path has a higher social marginal cost than
the latter. This formalizes the idea that to improve social cost
one has to move flow away from the cheapest paths towards
more expensive ones.

Lemma 6. At any admissible strategy profile, if two edges
G, B satisfy

ce(fa) <cs(fB)

and fg > 0, then

la(f) > 1B(f)-



Proof of Lemma 6. Let G and B be two edges satisfying
the stated conditions. Assume that I (f) # Ig(f), if this
assumption does not hold we are automatically done. Per
this assumption and Lemma 5 we can strictly improve social
cost by deviating from G to B or vice-versa. This means
that among users with 2, > 0 the quantities I, (f %, z*) —
I (f~%, o%) are either all non-negative or all non-positive.
Else if there are two players ¢, j such that

lG(f L ) 1 (f_zvxz)<O<lJG(f_J7xj)_ljB(f_]7xJ)7
then regardless of the sign of I (f) — Ip(f), one of these
players will violate admissibility.

Without loss of generality, order the players such that the
first k are all players with 2%, > 0. As fp > 0 we have
that £ > 1. Summing the individual marginal cost over these
players gives

eI at) — Uy (f )
= (CG(fG)*CB(fB))
fBCE(fB)

25:1 ;T CG(fG)
< k(ea(fe) —cB(fB)) + facq(fa) —

Since cq(fa) — ¢(fB) < 0, we can write that

k(ca(fa) —cB(fB)) + face(fa) — fBCE(fB)
ca(fa) —c(fB) + facg(fa) — fBcs(fB)
la(f) —1B(f)-

Combining (15) and (16) gives us that

§ lz —i
Now, there are two possible cases remaining:

1. Foralli < k we have that I, (f %, 2%) — I (f 7%, 2%) > 0

2. Or,foralli < k wehave that %, (f~, = )—l‘ (fhah) <
0 with the inequality being strict for at least one player.
This last conditions is there since if all players have equal-
ity we revert back to the first case.

fBC/B(fB>'
(15)

VA

(16)

—lg(f 2" <la(f) —1s(f). (A7)

In the first case, we can use (17) to denote that

0< Z le(fhah) = lp(f 7 a") < la(f) = 1s(f),
and we have shown that I (f) > I5(f).

In the latter case, there is a player for who deviating from
B to G reduces their own cost function. This means that this

deviation must increase the social cost, hence by Lemma 5

we have that
la(f) > 1(f).
O

Lemma 6 gives us the conditions for when an inequality
between path costs leads to the reverse inequality between
the social marginal costs. We will also require the opposite
direction. We state here what requirements are necessary to
ensure that the implication l¢(f) > Ip(f) = ca(fa) <
CB (fB) holds.

Corollary 4. Arany admissible strategy profile, if two edges

G, B satisfy
la(f) > 18(f)
and fp, fa > 0, then

ca(fa) < cB(fB)-

Proof of Corollary 4. We prove the contrapositive: assume
c(;((fg) > cp(fB) and fg, fg > 0, and show Ig(f) <
Is(f).

Since ¢g(fB) < ca(fa) and fo > 0, we can apply
Lemma 6 with the roles of G and B swapped, which gives

l(f) = la(f). .

Results Lemma 6 and Corollary 4 give us a correspon-
dence between the ordering of the path costs and the social
marginal costs. If we combine this with Lemma 5 and the
admissibility condition, we can get a sense of how the indi-
vidual marginal costs are ordered as well. This gives us a full
picture of how the marginal costs look based on the costs of
the paths.

Corollary 5. At any admissible strategy profile, if edges
G, B satisfy

cc(fe) < cp(fB)

then for every player 1,

IG(f ") < Up(fa).
Proof of Corollary 5. The proof splits on whether player ¢
uses edge G. '

Case 1: player i does not use G. Since we have that z, =
0, we immediately have that I5(f~% 2') = cg(fg). Fur-
thermore, I (f %, 2%) = cB(fB)+a chB(fB) >c(fB)
smcecB(fB) > OandmZB >0.So0l5(fha") = ca(fa) <
cB(fB)<lZ (f_ axz)' )

Case 2: player ¢ uses G. Since we have that i, > 0, we
can consider the deviation of player ¢ sending flow from G to
B. By the assumption that [¢(f) > Ip(f) this deviation de-
creases the social cost. To retain admissibility, this must then

increase the cost for player i. By Lemma 5 this immediately
implies that I5,(f %, 2%) < I (f % 2%).

la(f) > 1s(f),

O

Two more results we will need concern how the planner
equilibrium behaves in these networks. The first result cap-
tures the following intuition: if a planner uses an edge, then
they use all edges that are strictly cheaper than said edge.

Lemma7. Let A* = {e : ¢ > 0} be the active set of player
i, and let ji* denote the individual marginal cost of i’s active
edges at the planner equilibrium. At the planner equilibrium,
for every player i and edge e:

ce(fe) <p' = e A

Proof of Lemma 7. At the planner equilibrium player 7 plays
a selfish best response, so by the Nash characterization
IL(f~% a) > ' for every edge e, with equality on the active
edges A°.



‘Suppose c(fe) < p'. Were e inactive we would have
xy = 0 and hence [{(f~*,2") = ce(fe) < p*, contradicting
IL(f~*x") > u'.Soz’ > 0,thatise € A"

O

The second result we give on the planner equilibrium is
about constant cost edges. We show that whenever edges
with zero derivative they are used at any admissible strategy
profile, then they are the most expensive edge. While this last
result holds for all admissible strategy profiles, we will only
apply it to the planner equilibrium.

Lemma 8. Ar any admissible strategy profile, if some edge
bo has ¢, (fv,) = 0 with cost cy, (fv,) = v, then every used
edge a has c,(f,) < v, and any used edge with c,(f,) = v
also satisfies c,,(fa) = 0.

Proof of Lemma 8. As ¢, (fs,) = 0 we have that
ll’fo(f*’“,xk) = ¢, (fp,) = v for every player k and
lbg(f) = v. Let a be a used edge with a user k, such that
g > 0. Suppose either ¢,(f,) > v or ¢o(f,) = v and a

a

satisfies ¢/, (f,) > 0. In the first case:

(f752%) = ca(fa) + anaicy(fo) > v =1, (f7F, %)
and in the second case:

la(f) = calfa) + faca(fa) > v = loy (f)-

so shifting flow from a to by strictly lowers both player k’s
cost and the social cost, contradicting admissibility. Hence
¢a(fa) < v, with equality only when « is flat.

O

Before we prove Proposition 3 we first introduce some
additional notation. For any player set X C C' and any edge

e, write
X _ Z k
j; - akxe
keXx

for the aggregate flow from players in X on edge e. Through-
out, u* denotes the individual marginal cost of player ’s
active edges at the planner equilibrium and A® its active set.

Proof of Proposition 3. We order the edges according to the
cost at the planner equilibrium, so ¢;(f1) < ca(f2) < -+ <
¢m(fm). Ties can use an arbitrary ordering.

Assume for contradiction that cyin (f') > cmin(f). To
accomplish this, every edge e with c.(fe) = cmin(f) must
have that f, > f.. Then, let b be the first edge where f; < fj,
and let B = {e : co(fe) = &(fp), fe > 0}. B must be
nonempty and we must have that ¢, (fp) > cmin(f) for all
be B.

Let L = {e : c.(fe) < cv(fp)} be the set of edges strictly
cheaper than the edges in B. Since b € B is the cheapest edge
that loses flow, we must have that every edge e € L gains

flow, so
fl>f. Veel. (18)

For edges with c.(f.) = cmin(f) this inequality is strict.
This means that if we sum this inequality over all edges e € L

we get
YN f (19)

ecL ecL

Let Sgp = {i : 2 > Ofor somee € B}andletTp = C'\
Sp.By Lemma 7, every planner i € Tz has that u? < ¢, (f3)
and hence all of their flow is in L at the planner equilibrium.
These planners can only lose total flow in L when deviating
towards f':

D el <) w

ecL e€eL

Vie Tg. (20)

Multiplying (20) by o; and summing over all ¢ € T'p gives
SOt <y fle 1)
ecL ecL

Combining (19) and (21) we can derive that

DS =D L= I > Y (e FIP) = D

ecL eel ecL ecL

By pigeonhole, there must be an edge G € L such that
5> 13

Summarizing, we have found edges G and b such that the
flows satisfy

fo>fe  fi<h  fEE>FEP. ()

Note that f, > 0, so together with ca(fa) < cp(f) we
can apply Lemma 6 to conclude that

la(f) = L(f). (23)

Moreover, G' has nonzero derivative at f. Every i € Sp
uses an edge in B, so ' > ¢,(f) > ca(fa); by Lemma 7
this gives G € A%, so i uses G and I (f~*, ") = p'. Since
cc(fa) < p', the indifference cq (fg) + airbcn(fa) = p
forces c;(fa) > 0. By convexity ¢ (ff) > cn(fa) > 0,
so G has nonzero derivative at [’ as well.

Combining (22) and (23) we also have

la(f) = 1la(f) = () = L(f).

We will prove that at least one inequality is strict in this
chain. Assume for contradiction that this is not the case, this
is only possible if we have that

1. f = fa (as cp(fa) > 0),
2. la(f) = ly(f),
3. d&j})::o.

The third property together with Lemma 8 implies that
c.(fe) = 0 for all e € B, hence all edges e € B are all
constant cost edges with the same cost. This means that we
can conclude

lG(f~a") =4 (f 2"
Summing the above inequality over all i € Sp gives

ferca(fa) = 1SBl(co(fo) — ca(fa). (24

Next, we write out the expression for the social marginal

Ccost
la(f) = ca(fa) + (fo7 + f&P)ea(fa)  (25)

VieSg.



where we have used that fo = ng + ng. Combining
(24) and (25) gives us that

la(f) = Cb(fb)+(\SB|—1)(Cb(fb)—CG(fG))Jrch;BC/G(J(ngj
Since |Sg| > 1 and ¢y (fy) > ca(fa), the second term on
the RHS is weakly positive. As fG = feand f57 > foF,

we must have that f Ts < f 5 > 0. This means that
the last term in (26) is strictly positive. We can conclude that

la(f) > ev(fo) = W(f)

which contradicts the second property. Concluding this part,
we must have that

lg(f/) > lb(f/) (27)

We now wish to show that
(= a") <U(f'~" ")

If f/ > 0, then by chaining Corollary 4 and Corollary 5 we
have our result.
We now assume that f; = 0. Let planner j be a planner

ls:)ulch that x’é > 0. For this planner, by (27) and by admissi-
11ty

Vi< N.

G 2 < B(F,a),
For planners with 7,
(e = ca(f5) < U (f'~7,27)

< Q) =af) = e

where the last step uses that f = 0, so we must have that
x4 = 0 for all planners. So now we have that

IG(f'~ha") <L~ a")

This will finally allow us to set up the last part of the proof.
For all planners ¢ and edges e, define the quantity Al? as

= (0 we have that

Vi<N. (28)

AL =L (f"a") =1 (f "), (29)
Combining (28) and (29) gives us
lG(f' 5 a") =g (f " a") + Alg < L(f~',a") +A(l320)

for all i < N. Now, we will focus on the planners ¢ € Sp.
We will show that

L(fa") <l (fa)

This is obviously true if a planner has that z{ > 0. How-
ever, if the planner has that xz = 0 there must be another
edge d € B such that %, > 0. Since each planneri € Sp has

that 2, > 0 we have that [(f~%, %) = I;,(f ™", 2"). That is
why we can state that for these planners we have that

B a') = el fo) <U(f7a') = I 2").
We can combine (30) and (31) to write

Al <AlL Vi€ Sp.

VieSg. @3l

Sum the above expression over all ¢ € Sp and write it out to
get

1SB|(ca(fe) —ca(fa)) +
(f&2 e (fe) — 187 cp(fa))
< |SB|(Cb(fb)—Cb(fb)) (72 (1)) = 12 (fi)-
We now show that the left hand side evaluates to > 0 and the

right hand side to < 0. To this end, recall the inequalities as
given in (22). Using those inequalities we can state that

1P << fo= 1" (32)

The inequalities (22) and (32) coupled with the rele-
vant monotonicity properties of the cost functions and their
derivatives allow us to conclude that

1SBl(ca(fé) —calfa)) =0
(f&2ca(f) = faPcp(fa) > 0
1SBl(ev(fy) — eu(fp)) <O

(Fi52 e (fy) = £2ch(fo)) <

The left hand side is strictly positive while the right hand side
is at most zero, contradicting the summed inequality. Hence

Cmin(f/) S Cmin(f)~ O

G Proof of Proposition 4

In the canonical Pigou case, the repeated weighted atomic
splittable routing games in which the desiderata can be
achieved by a strategy profile are characterized by the plan-
ner equilibria in the non-repeated version of their respective
games. The following proposition characterizes such equi-
libria as a solution of a piecewise linear system of equations.

Proposition 7. Let G be the canonical Pigou network and
let T = (G,C, &) be a weighted atomic splittable routing
game. Then, there exists a unique planner equilibrium T that
is deterministic and in which, if x; is the portion of planner
1’s share of the traffic that is routed through the bottom path,
then

1- ZjZI Q;Tj

Q;

1 if >1

Ty =
I Zj21 QT

Qg

otherwise.

(33)
The solution of this system can be found in O(nlogn) time,
where n is the number of planners. If the partition is sorted
by size beforehand (e.g., a1 < as < ... < ay,), the solution
can be found in O(n) time.

The proof of Proposition 7 is given below. Since canonical
Pigou has a unique planner equilibrium, we can characterize
the games in which there is a strategy profile that satisfies
the desiderata as follows.

Proposition 8. Let G be the canonical Pigou network, C
be a set of planners, and o be a unit partition. Let I' be
the total flow through the bottom path in the planner equi-
librium of T' = (G,C, &). If F > %, there exists a strategy
profile & in the repeated version of I that satisfies individual



rationality, resilience to competition, optimality and admis-
sibility. If F < %, there exists no strategy profile for the
repeated version of I that satisfies individual rationality and
admissibility. If F' = %, if no planner sends all their flow
to the bottom path in the planner equilibrium, there exists a
strategy profile G in the repeated version of I that satisfies
individual rationality, resilience to competition, optimality
and admissibility. Otherwise, there is no strategy profile ¢ in
the repeated version of T that satisfies individual rationality
and admissibility.

The proof of Proposition 8 combines Propositions 2 and 3
with the following characterization of admissibility in the
Pigou network.

Lemma 9. Let & be a strategy profile in the canonical Pigou
network with bottom-path flow F > %, and let x; be the
fraction of planner j’s flow on the bottom path. Then & is
admissible if and only if ajx; < 1 — F for every planner j.

Proof. Planner j’s cost as a function of its bottom fraction is
the convex parabola ¢/ () = ajz? + (F_; — 1)x; + 1 with
F_; = I' — ajx; and derivative I + «a;x; — 1, while the
social cost F2 + (1 — F)) is strictly increasing in F on (3, 1].
Increasing x; strictly raises the social cost, so no upward
move is both-improving. If a;z; > 1 — F, the derivative
of ¢ is strictly positive, so a small decrease strictly lowers
both j’s cost and the social cost, and & is inadmissible. If
ajx; < 1—F,the derivative is nonpositive at z; and strictly
negative below it, so every decrease strictly increases j’s
cost, and no alternative dominates. O

By Proposition 3 the planner equilibrium maximizes F'
(equivalently c¢,y;y, ) over admissible profiles. If F™* > % there,
the sufficiency conditiens of Proposition 2 hold at the planner
equilibrium If F* < %, no admissible profile attains cyin 2
3 3 and the necessity condition fails. At the boundary F™* = 4 ,
Lemma 9 gives ajz; < 1 for all j in every admissible
profile with bottom flow 3 T since the planner equilibrium
has ajz; = min{a;, 1} and these caps sum to exactly 3, all
caps bind in every such profile. If some planner ¢ has o; < %,
thenz; = 1 and ¢t = % = copt, in every candidate certificate,
so the necessity condition fails for 7. If instead «; > i for all
7, the planner equilibrium satisfies the equal-case sufficiency
conditions, since ¢! = 1 — T > % for every planner.

Proposition 9. Let G be the classical Pigou network and
letT = (G, C, ) be a RWASRG with at most two planners.
Then, there are no strategy profiles that satisfy individual
rationality and admissibility.

Proof. This follows immediately from the fact that, in the
non-repeated version of I', the flow F' that goes through the
bottom path in the planner equilibrium satisfies ' < 2,
where n is the number of planners. To see this, note that
Pro}position 7 implies that, in this planner equilibrium, z; <

for all ¢. Therefore, Z _, a;xy < n(l— F), which is
equrvalent to F' < n(1 — F) and therefore to F' < 7 as
desired.

Proposition 10. Let G be the classical Pigou network and
letT = (G, C, ) be a RWASRG. If a planner controls more
than half of the flow, there are no strategy profiles that satisfy
individual rationality and admissibility.

Proof. Suppose that a; > % and that there exists a strategy
profile & that satisfies individual rationality and admissi-
bility. Then, by Proposition 7 and 8, there exists a planner
equilibrium in the non-repeated version of I' that satisfies
Equation 33 and in which F' := Zi>1 oG > %. This means
that 1 = % < %, and therefore F' < G- 4 (1 —a1) < %.
This contradicts the assumption that F' > %. O

Proposition 11. Let G be Pigou’s network and let T' =
(G, C, o) be a RWASRG. If no planner controls at least 3
of the total flow, there exists a strategy profile ¢ that satisfies
individual rationality, resilience to competition, optimality,
and admissibility.

Proof. Suppose that there exists no such strategy proﬁle We
show next that at least one planner controls more than 2 of
the total flow. By Proposition 8, there is no such strategy
profile if and only if the flow F' through the bottom path
in a planner equilibrium of the non-repeated version of I"
satisfies F' < % or ' = % and at least one planner sends all
its flow through the bottom path. Let S C C be the subset of
planners that split their flow in the planner equilibrium of the
non-repeated version of I' (i.e., S consists of planners that
do not send all their flow through the bottom path). Then,
we have that a;z; = 1 — F forall i € S and a;z; = « for
all i ¢ S. Adding all these equations together, we get that
F=|S8]-(1—F)+ > 45, which is equivalent to

5]+ X igs i

F:
|S]+1

Since we are assuming that F' < 3, |S| can be at most 3.

Thus, we have the following cases.

* |S| = 0 implies that all the flow goes through the bottom
path, contradicting our initial assumption.

* |S| = limplies that ) _, g5 < %, and therefore that the
only planner in S controls at least half of the flow.

* |S| = 2 implies that 3, g o < 1. and therefore that at
least one of the planners in S controls % of the total flow.

* |S| = 3 implies that }_, g ; = 0, and therefore, by
Proposition 8, that there exists & that satisfies the desider-
ata. This contradicts the original assumption.

O

It remains to show that the values given in Propositions 9,
10 and 11 are tight. To see this, note that
e Ifa= (37 :1,)7 :15) each planner sends % of the flow in the
planner equilibrium of T'. Thus, by Proposition 8, there
exists a strategy profile that satisfies the desiderata.



o If oo = (45¢, 1<, e 1Ee) there also exists a strategy

profile that satlsﬁes the desiderata. To see this, suppose
that the total flow F' that goes through the bottom path
in the planner equilibrium of T satisfies F' < %. If this
was the case, by Proposition 7, planners 2, 3 and 4 would
send all their flow through the bottom path, and 1 would
send half of its flow as well. This would imply that the

our original assumption.

« If = (5,32,2), planner 1 sends all its flow through
the bottom path in the planner equilibrium of I', while
planners 2 and 3 send £ of their flow. This means that
the total flow through the bottom path is exactly 3 % By
Proposition 8, there is no strategy profile that satisfies

individual rationality and admissibility.

This proves Proposition 4.

Proof of Proposition 7

Suppose that & is a planner equilibrium of T" in which each
planner ¢ sends, in expectation, a x; fraction of their assigned
agents to the bottom path. Then, the total cost of planner ¢ is
given by

ci(@)=(1—m;) +x; | s + Zaja:j
j#i
If we fix x; for all j # 4, we get that the expression is a
polynomial of degree 2 on z;, which can be written as

ci(?) = aa? + (Fy — Va; + 1,

where F; = 3., aj;.

Since & is a planner equilibrium, x; must be the value that
minimizes this expression in [0, 1], which is either the vertex
v; of the parabola, or 1 if v; > 1 (note that this implies that
the resulting strategy profile is deterministic). The vertex v;
can be expressed as

1-—F; . 1—F+ o;x;
Qai o 26(1' '

V; =

Setting this expression equal to x;, we get that x; = 1;—F

Thus, all planner equilibria of I" satisfy the following.

1 if >1
%)

Ti = 1—F . )
otherwise.

oy
To check that the solution of the resulting system ex-
ists and is unique, note that solutions must satisfy o;x; =
min{«;,1 — F'}. Consider the function ¢ : [0,1] — [0, 1]
defined by

N
= Z min{a;, 1 — F}.
i=1

F is the resulting flow through the bottom path of a so-
lution if and only if g(F) = F. However, g(F) is (weakly)
decreasing w.r.t. I. Therefore, there is exactly one solution.

Solving Equation 33 Efficiently
The key to solving Equation 33 is the following observation.

Lemma 10. Suppose that a1 < oo < ...y, Then the
unique solution of Equation 33 satisfies that there exists a
k < n such that

1
Q;

Intuitively, Lemma 10 says that the planners that send all
their traffic to the bottom path in equilibrium are precisely
those that have the least portion of the traffic, and the proof
follows immediately from the fact that z; = 1 if and only
if ; < 1 — F. Once k is fixed, we can do the following to
check if we get a correct solution.

From Lemma 10, we have that

Q;
O‘ixi:{ 1-F

Adding all these equations together, we get that F' =

ifi <k

otherwise.

ifi <k
otherwise.

%:le a; + (n — k) - F. Setting S = Zle oy, we get
that
e Sk—i—(n—k).
n—k+1

Since we know that there is a unique solution, we can run
the following linear algorithm to compute the flow in the

planner equilibrium. We iterate foreach k = 0,1,...,n—1
until finding & such that a1 > 1 — S’;:(i,::ff) After such

: Sk+(n—k)
k is found, we return =>—¢ e

The value of each x; can be computed directly from F'
using Equation 33 in constant time. Note that computing Sy,
from scratch in every iteration would result in a quadratic
implementation. However, for each & we can simply update
its value in constant time.

H Robustness Against Random Defections

Up to this point, most of our results rely on the ability of plan-
ners to discipline deviations by switching to a fully selfish
policy that drives the system toward a planner equilibrium
whenever a planner or a user defects. While analytically con-
venient, such punishments are unlikely to be efficient in prac-
tice. In large-scale systems, some deviations are essentially
unavoidable: even when following the prescribed policy is
optimal in the long run, a small fraction of users will oc-
casionally ignore recommendations due to unawareness, ur-
gency, mistakes, or other factors. To capture this phenomenon
in a discrete model, we can study a perturbed version of the
game in which, in each round, every user independently de-
viates from the proposed route with probability e > 0, in the
spirit of trembling-hand perturbations and trembling-hand
perfect equilibrium.

Recall that the strategy profiles constructed in Sections C
and D have a simple structure: planners propose a so-
cially optimal flow, and upon a deviation they switch to a
planner-equilibrium “punishment phase” for a fixed number
of rounds. In the distorted model, this logic breaks down.



Even if the profile satisfies desiderata (1), (2), and (4), ran-
dom trembles will trigger punishments repeatedly, making
it likely that play spends (asymptotically) almost all rounds
in the planner-equilibrium phase. In particular, the construc-
tion no longer guarantees convergence to an optimal flow
and thus fails desideratum (3). In this section, we show how
to modify the constructions of Sections C and D to retain
(1), (2), and (4) while making the dynamics more robust to
persistent, low-rate random defections. Our refinement relies
on an additional transparency assumption: there is no pri-
vate information, so planners observe which users deviate
in each round and observe one another’s recommendations.’
For clarity we present the refinement in a discrete model;
extending it to continuous flows is conceptually straightfor-
ward, but requires additional technical machinery.

The construction is parameterized by constants ¢, k, and
N, and proceeds as follows. In each stage, every planner
recommends a karma-based implementation of a socially
optimal flow. If a planner deviates, then all planners enter a
punishment phase and play a planner equilibrium for the next
N rounds. If instead a user ¢ under planner p deviates, then
p permanently deducts c units of karma from ¢ and issues ¢
a ticket. This ticket remains active until 7’s karma, relative to
the average karma of the remaining users, returns to its pre-
ticket level. Finally, while any user accumulates & or more
tickets, then the planners play the planner equilibrium.

The parameters ¢, k, and N serve distinct roles. The con-
stant c is chosen so that receiving a ticket forces the user to
be routed on the more costly edges for several consecutive
future rounds, making a ticket strictly undesirable from the
user’s perspective. The horizon N is chosen as in Sections C
and D to deter planners from defecting. The threshold % is
then set so that, under the distorted model where each user
trembles with probability e, it is exceedingly unlikely that
any user reaches k tickets due to random mistakes alone.

Arguments analogous to those in Sections C and D show
that the resulting strategy profile satisfies desiderata (2) and
(4)®. To verify desideratum (1), observe that a user has no
incentive to deviate under this scheme. By construction, re-
ceiving a ticket is strictly undesirable: if user ¢ returns to
following recommendations, the karma deduction ensures
that ¢ is routed on the longer path for several consecutive
rounds; if instead ¢ continues to defect, then after accumulat-
ing k tickets the system triggers a punishment phase in which
all planners play a planner equilibrium until ¢ recovers part
of its karma.

Finally, this modification is substantially more robust to
random defections. In the original construction, a single spu-
rious deviation could repeatedly trigger punishment and keep
the system near the planner equilibrium. Here, isolated trem-
bles are absorbed locally through tickets: global punishment
is activated only if a user deviates frequently enough to ac-
cumulate many tickets in a short period, an event that is
exceedingly unlikely under the e-distortion.

5One can interpret this as planners pooling information to im-
prove outcomes for all parties.

%1n discrete settings with a large number of users, these proper-
ties hold up to a negligible approximation error.

For a more formal comparison, we can bound the prob-
ability that a single user triggers a punishment phase under
the two constructions. Under the strategy profiles of Sec-
tions C and D, any deviation immediately induces a punish-
ment phase, so the triggering probability in a given round
is simply e. In the ticket-based construction, punishment oc-
curs only if the user accumulates k tickets. Let 7, be an
upper bound on the number of rounds required for a ticket
to expire after a deduction of ¢ karma (i.e., the time needed
for the user’s karma to recover relative to the rest). Then the
probability that the user reaches k tickets at a given round is
at most
e(1-1-eT)1-(1—ee) - (1 - (1—ehDTe),
To justify this bound, note that if the user has & active tickets
at some round ¢, then it must defect at ¢ (probability €), and it
must also have defected at least once in each of the preceding
windows of lengths T, 27, ..., (k — 1)T.: the first ticket
can persist for at most 7, rounds, but each additional ticket
received before the previous ones expire can extend the time
to clear all tickets by at most another 7. rounds.

Using Bernoulli’s inequality (1 — €)™ > 1 — en, we obtain

1—(1—e™ <emT,,
and therefore

k-1 k-1
€ H (1—-(1—e)™) < € H (emT,) = "TF 1 (k1)
m=1 m=1

The expression above can be rewritten as
k—1
HFTR Lk — 1) = . (ﬂTﬁ(\/%)!) I (erm).
m:\/E+1

If we choose k so that ek, < 1, then forallm < k — 1 we
have €T, m < €I,k < 1, and hence

k—1

II (7.m) < 1.

m:\/E—i-l

Therefore, we get that

FTFIE-1) < e- (eTC\/E)‘/E.

Since v/€l.k < 1, we can further upper bound the above
expression by

€- (ETC\/E)\/E < €- (\/eTc)\/%,
and thus the probability that a given user triggers a planner-
equilibrium phase is many orders of magnitude smaller than
€ whenever €1, < 1.

This condition is typically easy to satisfy. For example,
in the canonical Pigou network one can choose c so that a
deviating user is forced to traverse the top edge for three
consecutive rounds, i.e., T, = 3. If ¢ = 0.05, taking k = 6
yields the bound

e (v/eT.)VF ~ 0.0049,

an order-of-magnitude reduction relative to the original trig-
gering probability e. If instead € = 0.01, choosing £ = 30

gives
e (VeT)VF ~6.75 x 1077,
which is more than 10* times smaller.



